Robust techniques for analysis of production data of single porosity gas reservoirs have been developed and widely used for many years. These methods range from the traditional Arp's decline method to modern type-curve matching. The more recent techniques are based on the use of pseudo-time for linearization of gas-flow equations, and material balance time to account for variable operating conditions. Whereas the governing equation for gas flow in a single porosity reservoir has been successfully linearized using pseudo-time evaluated at average reservoir pressure, the linearization of the governing equation in a double porosity reservoir is problematic due to pressure differences between the matrix and fracture systems. Similarly, the suitability of the material balance time concept, which has been successfully applied to a single porosity gas reservoir, has not been demonstrated for a double porosity gas reservoir. The purpose of this work is to suggest an appropriate pseudo-time and material-balance time functions when gas is produced from a naturally fractured gas reservoir. For this purpose, the resulting equations describing the matrix-fracture flow are cast in a form similar to those proposed by Warren and Root. These are then linearized, using appropriately-defined pseudotime and material-balance pseudo-time functions. The results are compared against those of a commercial numerical simulator for two production scenarios, including constant rate and constant pressure production over some range of reservoir parameters. The results show that pseudo-time and material balance pseudo-time allow the accurate use of traditional double-porosity type-curves for naturally fractured gas reservoirs provided that the gas properties are evaluated at average reservoir pressure as determined from the material balance equation for double porosity systems.
Introduction
Type-curves are routinely used by engineers to estimate initial hydrocarbon-in-place and hydrocarbon reserve s at some abandonment conditions, as well as flowing characteristics of individual wells such as permeability and skin.
Type-curves are plots of the theoretical solution to the governing flow equation for constant-rate production, or constant-pressure production, from a well in any kind of reservoir model. Generally, the operating conditions during production from a well are not constant. Hence, to analyze real production data, one needs to develop a robust methodology to account for these changes. This problem was solved by the use of the material balance time concept 1 . Blasingame and Lee 1 showed that, with use of this concept, one could have a single solution to the governing flow equation for both types (i.e., constant-rate and constant-pressure) of boundary conditions. It was shown that the same solution applies to cases where both rate and pressure are smoothly changing with time.
Whereas the governing flow equation for a slightly compressible fluid is linear, the governing flow equation for a compressible gas is non-linear due to the pressure dependency of gas properties. By applying the pseudo-pressure 2 and pseudo-time 3 transformations, the non-linear governing gas flow equation may be linearalized allowing one to use the slightly compressible liquid solution for a gas system. Generally, the methodology for type-curve analysis of production data under variable operating conditions requires: (i) an equation to obtain the average reservoir pressure -this is generally a material balance equation; (ii) evaluation of the material balance time at average reservoir pressure; and (iii) performing traditional well test (constant rate) analysis, by transformation of real time (or pseudo-time) to material balance time (or material balance pseudo-time) and use of rate normalized pressure-drop.
Similar analysis could be performed Using production decline analysis techniques.
A review of literature on type-curve analysis of gas reservoirs reveals that there is no specific attention paid to type-curves of naturally fractured gas reservoirs. Due to the double porosity behavior in a naturally fractured gas reservoir and the importance of fracture and matrix compressibilities, the evaluation of type-curve analysis components -such as average reservoir pressure, total compressibility, pseudo-time, and pseudo material balance time -requires special attention. Therefore, the purpose of this study is to present just such a production analysis model for naturally fractured gas reservoirs.
In the following, we start with a short review of the most commonly used mathematical models of naturally fractured reservoirs. Next, a production analysis model consisting of (i) a material balance equation, (ii) pseudo-time functions, and (iii) a governing equation and the corresponding solutions for the wellbore boundary condition, subjected to constant-rate and constant-pressure productions, is developed. Then, the assumptions made in the development of the production model is verified over some range of reservoir parameters using a commercial numerical simulator.
Background
Naturally fractured reservoirs have been studied intensively for several decades in the geologic and engineering fields. Transient pressure analysis has received particular attention. Based on the theory of fluid flow in naturally fractured porous media developed in the 1960's by Barenblatt et al. 4 , Warren and Root 5 introduced the concept of dual-porosity models into petroleum reservoir engineering. Their idealized model consisting of a highly interconnected set of fractures, which is supplied by fluids from numerous small matrix blocks, is shown in Figure 1 .
Whereas the matrix permeability is much smaller than the fracture permeability, the fracture porosity of a particular class of naturally fractured reservoirs seldom exceeds 1.5% or 2%, and usually falls below 1%. 6 The high permeability of a fracture results in a high diffusivity of the pressure propagation pulse along the fracture; however, due to significant contrast between matrix and fracture permeabilities, the matrix has a "delayed" response to pressure changes that occur in the surrounding fractures. Such a nonconcurrent response induces matrix-to-fracture cross-flow.
In theory, double-porosity behavior yields two parallel straight lines on a semi-log plot, provided there is no wellbore nor outer boundary effects. The semi-log plot consists of three sections: (i) the first straight line, which represents the homogeneous behavior of the naturally fractured medium before the matrix medium starts to respond (transient radial flow) -the slope of this line gives the fracture permeability; (ii) a transition section (between two straight lines), which corresponds to the onset of inter-porosity flow; and (iii) the second semi-log straight line, which represents the homogeneous behavior of composite media (fracture permeability with the sum of matrix and fracture storages) when recharge from the matrix medium is fully established.
The nature of matrix and fracture interaction is manifested during this transitional period of matrix-to-fracture fluid transfer 7 . The important features of the most common models are listed in Table 1 . Accordingly, the Warren and Root 5 model is known as the pseudo-steady state model, since the matrix-fracture transfer term is expressed using a tank-tyope formulation. Streltsova's model 7 is known as the pressure gradient model, since, according to her assumption, the matrix-fracture flow rate is controlled by the average pressure gradient in the matrix. There unsteady state models are developed by Kazemi 8 , de Swaan 9 , and Najurieta 10 models, where matrix-to-fracture flow is described by an unsteady state flow equation.
Considering the Warren and Root 5 model, the general assumptions in well test analysis of naturally fractured reservoirs are: (i) pseudo-steady state matrix flow; (ii) the matrix consists of a set of porous rock systems that are not connected to each other, have a low transmissibility, and high storage capacity; (iii) the fracture system has low storage capacity, high transmissibility, and it interconnects the porous media; and (iv) the matrix supplies the fluids to the fractures, and the fractures transport the fluids to the well (i.e., the matrix does not provide fluid directly to the well). 
Physical Model
In this study, a cylindrical naturally fractured gas reservoir is considered where gas production and corresponding pressure decline in the fracture leads to gas flow from the matrix into the fracture system (see Figure 2) . Thus, the fracture system acts both as a sink to the matrix system and as a conduit to production wells.
Production Analysis Model
In the following, the production analysis model consisting of (i) a material balance equation, (ii) pseudo-time functions, and (iii) the governing equation for gas production from a naturally fractured gas reservoir is presented. The following assumptions are considered in the production analysis model.
1. Single-phase, compressible gas, and Darcy flow.
2. Gravitational forces are negligible and pressure gradient is small. 3. The porosity of either medium (fracture or matrix) is a function of pressure in that medium alone. The compressibility of the matrix, the fracture and the water are small and constant. 4. Flow through the wellbore is via fractures; the matrix acts as a source. 5. Constant permeability.
Material Balance Equation
In order to develop a general material balance equation, all sources of expansion, such as water influx from an aquifer, formation expansion, and connate water expansion, must be considered. For the volumetric naturally fractured gas reservoir described in this paper, the familiar Z p equation can be represented as:
Equation (1) is the gas phase mass balance over the total reservoir system including matrix and fracture systems. Note that it is assumed that the initial water saturation in the fracture system is zero. In Equation (1), * Z is the modified compressibility factor, accounting for the effect of matrix, fracture, and connate water compressibilities, and can be represented as:
where e c is the cumulative effective compressibility and is expressed by: 
Pseudo-time Functions
A well produced at a constant rate exhibits a varying bottomhole flowing pressure, whereas a well produced at a constant bottomhole pressure exhibits a varying rate curve. The material balance time concept was first developed by Blasingame and Lee 1 to match the variable flowing pressure data on a Fetkovich 11 type curve, which is essentially developed for constant flowing pressure production data. Later, Agarwal et al. 12 demonstrated that material balance time converts the constant pressure solution into the widely used constant rate solution. Due to the varying PVT properties of gas, the material balance time for gas reservoirs was developed in terms of pseudo-pressure and pseudo-time. 1 To apply the concept of material balance time to a volumetric naturally fractured gas reservoir, one needs to consider the material balance equation,
, and pseudo-time, a t , which is defined later. As shown in Appendix A, the material balance pseudo-time can be obtained from: and ng c is related to the compressibility of matrix pore volume, fracture pore volume, and connate water (non-gas components) compressibilities and is defined as:
In analogy with homogeneous gas reservoirs, we use pseudotime given by:
Governing Equation -Warren and Root 5 Approach
As shown in Appendix B, the governing equations describing the flow of gas through a fracture system and transfer of gas from matrix to fracture can be expressed by Equations (8) and (9), respectively: Other parameters are defined in Table 2 and in the Nomenclature.
As discussed in Appendix B, Equations (8) and (9) are derived using gas properties evaluated at the average reservoir pressure (one pressure point). This is the first step in dealing with the non-linearity of the flow equations in the naturally fractured gas reservoir described earlier. However, Equations (8) and (9) are still non-linear due to pressure dependency of the storativity ratio ( ω ). Unlike naturally fractured oil reservoir models, the storativity ratio for a naturally fractured gas reservoir is not constant and changes with gas compressibility (see Equation (10)). To remedy this problem, we assume that the storativity ratio evaluated at average reservoir pressure ( ( ) p ω ) can be used in the available solutions 6 , developed for the flow of a slightly compressible fluid (subject to constant rate and constant pressure production scenarios) listed in Table 3 . Later on, we shall examine the appropriateness of this assumption.
Summary of Production Analysis Model
As summarized in Tables 2 and 3 , the production analysis model developed here consists of a set of equations including modified forms of the Z p material balance equation, pseudo-time, and material balance pseudo-time functions, as well as the matrix and fracture governing equations in terms of pseudo-pressure and pseudo-time. The average reservoir pressure is obtained as a function of cumulative production and hence as a function of production time. This equation is a key component in the production model, because it affects the evaluation of all parameters listed in Tables 2 and 3 . For example, total compressibility and transformation of real time to pseudo-time are based on the average reservoir pressure. In addition, average reservoir pressure affects the calculation of material balance pseudo-time.
Verification
As mentioned earlier, the flow governing equations (Equations (8) and (9)) are linearized on the basis of two important assumptions. First, the gas properties for both the matrix and fracture systems are evaluated at average reservoir pressure as determined from the material balance equation. Second, the time-varying parameter, ( ) p ω , is replaced with the constant parameter, ω , in the solutions developed for the flow equations of a slightly compressible oil in a double porosity medium 6 (see Table 3 ). Theoretically, both of these assumptions would represent flaws in the mathematical description of the problem; however, in this section, the validity of these assumptions for practical purposes is examined with a commercial numerical reservoir simulator (CMG-IMEX 13 ), which does not make any of the above simplifying assumptions. First, we investigate the effectiveness of pseudo-time, a t , for linearizing the governing equations, Equations (8) and (9) . For this purpose, the wellbore pseudo-pressure as a function of time is compared between the two models (analytical and numerical). Then, the applicability of material balance pseudo-time is investigated. For this purpose, it is shown how the simulator results for a constant pressure scenario resemble those of a constant rate scenario when the q ψ ∆ results for both models are plotted versus the material balance pseudo-time, ca t .
A hypothetical cylindrical naturally fractured gas reservoir with a well located at the centre of the drainage area is considered. The reservoir radius and thickness are 1000 m and 100 m, respectively. The initial reservoir temperature is 60 O C (140 O F) and the initial pressure is 28 MPa (4060 psia). The matrix and fracture porosities are 15% and 1%, respectively, and the matrix and fracture permeabilities are 5 md and 50 md, respectively. The reservoir performance is studied under two operating conditions, namely (i) constant rate (q=2 ×10 6 std. m 3 /day) and (ii) constant wellbore pressure (p wf =3.5 MPa). Other relevant physical properties of the reservoir and the different cases studied are given in Table 4 .
For simulation, the single layer hypothetical reservoir is divided into 60 radially distributed sections (i.e., annular rings). For the sake of consistency, the value of fracture spacing in the numerical simulator is adjusted in such a manner so as to obtain the same shape factor as the analytical model. To compare the simulator results with those of the analytical model, the calculated pressure, rate, and time information are transformed into the appropriate pseudovalues as required by the solution presented in this paper. Table 4 . Figure 4 (a) shows that, for pressure values less than 28,000 kPa, the difference between the total compressibility, Figure 5(c) shows that, at constant rate production, the flowing bottomhole pseudo-pressure vs. pseudo-time exhibits linear-decline behavior during the boundarydominated flow regime (straight line on a Cartesian graph), while Figure 5(d) shows that, at constant bottomhole pressure, the production rate vs. pseudo-time exhibits exponentialdecline behavior (straight line on a semi-log graph). Figure  5 (e) shows a comparison of average reservoir pressure and flowing wellbore pressure between the analytical and numerical models; good agreement between the two models is evident. Figure 5 (e) also demonstrates that the differences between the average reservoir pressure and flowing wellbore pressure are small. This is due to the relatively high fracture flow-capacity ( md k f 50 = ). Figure 5 (f) shows that the calculated production data for both cases of constant pressure and constant-rate fall on the analytically calculated pressurederivative type-curve. The agreement is excellent for infiniteacting (zero slope) and boundary-dominated (unit slope) flow regimes.
The Base Case results (analytical model) were obtained using a time-varying storativity ratio evaluated at average reservoir Table   3 ) and D t (Equation (B-21) ). Figure 6 (a) indicates that, for such a constant storativity ratio assumption, the wellbore performance predicted by the analytical model does not agree with the corresponding numerical results at late times. The predicted values of wellbore pseudo-pressure (analytical solution) of the double porosity reservoir and the corresponding single porosity reservoir are compared on Figure 6 (b). This shows that, by using ( ) p ω , the behavior of the double porosity model is similar to that of a single porosity model during the boundary-dominated flow regime. Note that, in the single porosity reservoir, all properties are the same as those of the double porosity reservoir, except that the permeability is equal to the fracture permeability ( md k 50 = ) and the porosity is the sum of matrix and fracture porosities (
Cases 2 to 5 consider different reservoir properties including changes in matrix and fracture permeability, thickness, porosity and operating conditions. The results shown in Figure 7 shows good agreement between the analytical and numerical models. This agreement supports the application of the assumptions used in the production analysis model developed here.
Summary and Conclusions
An analytical production model including pressure transient analysis and production data analysis is presented for the analysis of production data of a naturally fractured gas reservoir. The analytical model is validated against a numerical reservoir simulator 13 with excellent agreement. On the basis of the results presented, the following conclusions are drawn: 1. The pseudo-time calculated at average reservoir pressure successfully linearizes the governing flow equation of the naturally fractured gas reservoir, provided that the timevarying storativity ratio, ( ) p ω , is used in the available solution 6 of the Warren and Root 5 model. 2. The concept of material balance pseudo-time developed for conventional gas reservoirs can be applied successfully to a naturally fractured gas reservoir, using pseudo-time evaluated at average reservoir pressure. acknowledged. 
Appendix A: Pseudo-time and Material Balance Pseudotime
This appendix presents the derivation of the material balance pseudo-time for the naturally fractured gas reservoir described earlier. For the sake of completeness, all equations in the main text are also shown here. To obtain the material balance pseudo-time for a naturally fractured gas reservoir, we follow Faraim and Wattenbarger's approach for single-porosity reservoirs 3 and start with the material balance equation:
Re-arranging Equation (A-4) yields:
The first derivative in the numerator of Equation (A-5) is simply the derivative of Equation (A-1) with respect to time.
The second derivative in the numerator of Equation (A-5) is the derivative of Equation (A-3) with respect to p . This yields:
Expanding the derivative of the denominator of Equation (A-5), it simplifies to:
Combining Equations (A-6), (A-7), and (A-8), one obtains:
where * t c is the modified total compressibility given by:
can be expressed in terms of fluid and reservoir properties as: where ng c is non-gas compressibility, which is expressed by: 
where m ρ is the gas density evaluated at matrix pressure.
Using the Al-Hussainy and Ramey 2 pseudo-pressure, Equation (B-1) can be written in terms of pseudo-pressure: The parameter α is a shape factor having the dimensions of reciprocal area. It reflects the shape and size of the matrix blocks and controls the flow between the fracture and matrix. For matrix blocks in the shape of slab this is expressed as:
In homogeneous gas reservoirs, the use of pseudo-time, Equation (4), evaluated at average reservoir pressure, was successfully used to "linearize" the governing equation. However, the definition of pseudo-time in a naturally fractured gas reservoir is not clear due to the fact that, for a naturally fractured gas reservoir, two average pressures may be defined one for the matrix where most of the gas resides and one for the fracture where reservoir-wide flow occurs. We have used both of these pressures without satisfactory results. In the hopes of achieving linearization of the governing equations of the naturally fractured gas reservoir, we use the average reservoir pressure of the "whole" reservoir ( ( ) 
